Mathematica 11.3 Integration Test Results
Test results for the 96 problemsin "1.2.3.3 (d+e x*n)*q (a+b x"n+c
xM2 n)) p.m"

Problem 5: Result is not expressed in closed-form.

d+ex?
J—dlx
d? + b x*+e?x8

Optimal (type 3, 791 leaves, 19 steps):

Ar‘cTan[\/z d e -/ -b+2de -2 ex] Ar‘cTan[\/z d e +\/ -b+2de -2 ex]
Jzﬁﬁﬂ/fmzde Jzﬁﬁﬂ/fmzde

- - +

4\/d_\/2\/?\/g+\/—b+2de 4\/?\/2\/?\/?—\/—b+2de

Ar‘cTan[\/z d e —\/-b+2de +2-+/e x] Ar‘cTan[\/z d e +v/-b+r2de +2+/e x
J2+d Ve s+ br2de J2+d e Vobr2de
+

4d \J2vd Ve ++V-br2de  4+d 2vd Ve -/-br2de
Log[vVd -\/2Vd Ve -V -br2de x+Ve x|
8/d \/2+/d Ve -v-br2de
Log[/d +\/2V/d Ve -V -br2de x+e x]
5@ \27d Ve b-2de 7
Log[/d ~\/2+/d Ve +V b:2de x+e x| ) Log[/d +\/2V/d Ve +vV br2de x+e x|

+

8\/?\/2\/?\/?+\/—b+2de 8\/?\/2\/?\/?+\/—b+2de

Result (type 7, 67 leaves):
dlog[x-nl] +elog[x-x1] =14

1
= RootSum|d? + b #1* + e? 118 &, &]
4

b 13 + 2 e? 11’
Problem 6: Result is not expressed in closed-form.
d+ex?
J— dx
d? + f x* + e x®

Optimal (type 3, 791 leaves, 19 steps):
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Ar‘cTan[\/2 d Ve -/2de-f -2+e x Ar‘cTan[\/z d /e /2def -2-/e x
J2vd Ve zdef Jave Je viier

a\d \J2vd Ve +\ade £ 4vd~/2vd Ve 2de f

Ar‘cTan[\/z d \/Je -~/2de-f +2+/e x] Ar‘cTan[\/z d \/e +v/2de-f +2+/e x]
J2/d e 2de V2@ Ve Vadet
+

4\/?\/2\/?\/?+x/2de—f 4\/?\/2\5\/?—\/2de—f
Log[v/d —\/2d Ve ~v2de f x++/e x| ) Log[v/d +~/2+/d Ve ~v2de f x++e x]

8/d \/2v/d Ve -/2de_f 8/d \/2+/d e -v2de_¥
Log[v/d ~\/2+/d Ve +vV2de f x+ve x| Log[d +\/2d Ve +vV2de f x++e x]
8\/d7\/2\/d7\/3+\/2de—-F 8\/?\/2\/?\/?+\/2de—f

Result (type 7, 67 leaves):
dlog[x-nl] +elog[x-nl] 714

1 RootSum|[d? + £ 1% + e? 11% &, &
4 13+ 2e? 117
Problem 7: Result is not expressed in closed-form.

d+ex?t

J— dx

d2-bx*+e2x8

Optimal (type 3, 349leaves, 7 steps):

Ve ArcTan| 2 ole x ] Ve ArcTan| vex

V2 Vb-2de \/JVb-2de -Vb-2de /2 Vb-2de +/Vb-2de +Vbr2de

@ArcTanh[ 2 vex ] \/?Ar‘cTanh[ 2 vex ]
\/b-2de -\/b+2de \Vb-2de ++\/b+2de

V2 A/b-2de \/bezde -vVb+2de /2 +/b-2de \/\/bfzde +Vb+2de

Result (type 7, 69 leaves):
dlog[x-nl] +elog[x-x1] #14

1
= RootSum|d? - b#1* + e? 118 &,
4 -bx13 +2e? 1’

8]

Problem 8: Result is not expressed in closed-form.

J d+ex? 4
_9*EX gx
d2 - fx*+e2x8

Optimal (type 3, 751 leaves, 19 steps):
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Ar‘cTan[\/z d Ve -v/2de+f -2-/e x Ar‘cTan[\/Z d e +v/2de+f -2-/e X
V2 Ve adef J2vd Ve adeF

4~d \J2+/d Ve +v2de+f  4+d J2vd Ve -2de+f

Ar\cTan[\/Z d \/Je —~/2de+f +2+/e X] Ar‘cTan[\/z d \/e +v/2de+f +2+/e x]
\/ZW\E+\/2dE+f Jzﬁ\/?fm
+

4ﬁ\/2ﬁv?+x/2de+f 4\/?\/2\5\/?7\/2de+f
Log[vd —\/2d Ve ~vV2de:f x:e x| ) Log[v/d +~/2/d Ve ~v2def x++e x]

8/d \/2/d Ve —V2de+f 8/d \/2+/d Ve -2der f
Log[v/d ~\/2+/d Ve +vV2def x+ve x| Log[Vd +\/2d Ve +V2derf x+e x]
i;ﬁ\/zxﬁxﬁﬂ/zdenC 8\/?\/2\/?\/?+\/2de+f

Result (type 7, 69 leaves):

1 dLog[x-t1] +elog[x - H#1] #1*
= RootSum[d? - f #1* + e? 118 &, 8l 1+ gl ] g
4 -f13+2e2 117

Problem 9: Result is not expressed in closed-form.

1+x4
J =% ax
1+bx*+x8
Optimal (type 3, 411 leaves, 19 steps):

ArcTan [ 2220 -2x| Ar‘cTan[lEz* 2-b 2] Ar‘cTan[ e ——
\ 2+m \ 2- \/7 V2+m

4~/2++2-Db 42-1/2 42+12

arctan| 2oEs 2x) . 2
J2-v26 Log 2-4/2-b x+x Log[1+ 2-42-b x+x}

42 - 8v2-+2-b 842-V2-b
Log[1-4/2++2-b x+x2] Log +\2+v2-b x+x?]
8v2+v/2-b +vV2-b

Result (type 7, 55leaves):

T

N

Log[x-#1] + Log[x - 1] #1* g

1 4 8
= RootSum|1 +bu1* + 118 &,
4 bri13 + 2117

Problem 10: Result is not expressed in closed-form.

1+x4
J—dlx
1+3x%+x8
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Optimal (type 3, 451 leaves, 19 steps):

(3++/5 ) ArcTan[1- 2] (3445 ) ArcTan 1+ P ]
V5 )Y -5 )"
i (3 5) . (3 5) )
2 23/44/5 2 23/4ﬂ/5
(37 0 )1/4ArcTan[1* (23/“X)H] (37 5 )1/4Ar‘cTan[1+ ( 23/4);1/4]
3:44/5 / 345
4 _
2 23/4 /5 2 23/44/5

(3+\E)”4Log[ 2(37\/?) 72(2(37\/?))1/4x+2x2]
4 23/4\/?

(3++5 )| Log[ [2(3-V5) +2(2(3-5)) xv2x]
4 2345

(3-+5 )" Log[ [2 (3+V5 ) -2(2(3+V5 ) x+2x]
4 2345

+

(3-+5 ) Log[ [2(3+V/5 ) +2(2(3+V5 )] xr2x]
4 23445

Result (type 7, 55leaves):

1 Log[x - 1] + Log[x - 1117 #1%
= RootSum[1+311% + 118 &, gl ] +Log| ] g]
4 3113 + 2117

Problem 12: Result unnecessarily involves imaginary or complex numbers.
1+x4
Ji dx
1+x%+x8

Optimal (type 3, 140leaves, 19 steps):

ArcTan [ +2*] 1 ArcTan [ #2% ]

————Ar‘cTan[\/?—Zx}+—\E+1Ar‘cTan[\/?+2x]—
4-/3 4 4-/3 4
Log[1-+/3 x+x?] Log[1++/3 x+x?]
+

lLog[l—x+x2] +1Log[1+x+x2] -
8 8

8+/3 8+/3

Result (type 3, 135leaves):
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— l4i+-6-61+3 Ar‘cTan[l(l—i\/?) x}—41‘1\/—6+6i\/? Ar‘cTan{l(lﬂi\/?) x| +
48 2 2
-1+2X 1+2X
4\EAPCTan[ ]+4\/?Ar‘cTan[ ]—6Log[1—x+x2]+6Log[1+x+x2]
V3 V3

Problem 14: Result is not expressed in closed-form.
J 1+x4
——dx
1-x%+x8

Optimal (type 3, 331 leaves, 19 steps):

N2++/3 —2x, 1 z_ﬁArcTan[\/z-\/?ux
\l2+\/?

:

1 2+4/3 ArcTan | | - +
4 2-3 g\/2-3
Log[1+2-+/3 x+x?] Log[1-4/2++V3 x+x2] Log[l+1/2++/3 x+x?]
- +
8+/2-+3 8+/2+3 8+/2++/3

Result (type 7, 55leaves):
Log[x - #1] + Log[x - #1] #14

1 4 8
= RootSum|1 - #1% + 1% &,
4 -113 + 21517

8]

Problem 17: Result is not expressed in closed-form.

1+x4
Jidlx
1-4x%+x8

Optimal (type 3, 157 leaves, 7 steps):

rctan| 22| arctan| 2] arcTann[ 25| arcTann| 22|

\ -1+4/37 B A 1+/3° N \ -1+4/3° B \1+4/3°
22V -1++/3 2 2V4414+4/3 2 244 -144/3 2 2Y4414+/3

[y

Result (type 7, 53 leaves):
Log[x - 1] + Log[x - 1] =1

1 4 8
= RootSum|[1 - 411* + n1® &,
8 -2u1% + n1’

8]
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Problem 18: Result is not expressed in closed-form.
1+x4
J — X ax
1-5x*+x8
Optimal (type 3, 171 leaves, 7 steps):

wreranl [ 2 ) averanl [ ) averan [ ) averan [ e

+ —

\/6(ﬁ+ﬁ) o (v3 V7| Je(ﬁ+ﬁ) ¢ (3 V7|

Result (type 7, 55 leaves):

1 Log[x - 1] + Log[x - #1] #1*
* Rootsum[1- 5114+ 18 g, —OBIX -] T LOBIX-HL]

4 -5113 + 2117

8]

Problem 20: Result is not expressed in closed-form.
1-x4
J —— X ax
1+bx*+x8
Optimal (type 3, 511 leaves, 19 steps):

V2+b Ar‘cTan[l@} V2+b Ar‘cTan[l@]
2+44/2°b . NP

4~/2-/2-b J2-b 4+/2++/2-b 2-b

mAr‘cTan[@} mArcTan[@]

4\2-vV2-b V2-b 4\2+42-b VJ2-b
2-/2-b Log[1-+/2-V2-b x+x?] 2-+/2-b Log[1++/2-V2-b x+x?]

8/2-b 8V2-b
2+/2-b Log[1-/2++V2-b x+x?] 2++/2-b Log[1+1/2+V2-b x+x?]
+
8V2-b 8V/2-b

Result (type 7, 57 leaves):

1 —Log[x-11] + Log[x - #1] #1*
- = RootSum|[1 +bw1* + =118 &, gl ] gl ]

4 bal3+2x17

8]

Problem 21: Result is not expressed in closed-form.

1-x4
J;m
1+3x%+x8
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Optimal (type 3, 411 leaves, 19 steps):

(3+\/?)1/4ArcTan[1—L] (3+ﬁ)1/4Ar‘cTan[1+$]

(37\5)1/4 (37\E>1/’4
- + +
2 23/4 2 23/4
(3—\/?)1/4Ar‘cTan[1—LX1/] (3—\/?)1/4Ar‘cTan[1+Lxl/]
(3+\E) /4 (3+ﬁ) ’4
2 23/4 N 2 23/4 -

(3++5 | Log[ |2 (3-V5) -2 (2(3-V5)) " x+2%]

4 23/4

+

(3+5 ) " Log[ [2(3-V5 ) +2(2(3-V5)) xr2x]

4 23/4

+

(3-5 )" Log[ |2 (3+V5 ) ~2(2(3+V5 ) x+2x?]

4 23/4

(3-+5 ) Log[ [2 (3+V5 ) +2(2(3+V5 ) xr2x]

4 23/4

Result (type 7, 57 leaves):

1 —Log[x-11] + Log[x - #1] #1*
- =~ RootSum|[1+311% + 118 &, gl ] +Logl 1
4 3113+ 2117

8]

Problem 23: Result unnecessarily involves imaginary or complex numbers.
1-x4
Ji dx
1+x*+x8
Optimal (type 3, 140leaves, 19 steps):

1 1-2x
- =~/3 ArcTan]|
4

]+3Ar'cTan[\/?—2x] +1\/?Ar‘cTan{1+2X] —lAr‘cTan[\/?+2x} +
J3 o4 4 J3 4

lLog[17x+x2] 71Log[1+x+x2] 71\/?Log[17\/?x+x2} +1\/?Log[1+\/?x+x2}
8 8 8 8

Result (type 3, 129 leaves):
1

8

~24/-2-21+/3 Ar‘cTan[l(l—j\/?)x]—Z ~2+21i4/3 ArcTan[1(1+j\E)x}+
2

2

Zx/?Ar‘cTan{_lJrzx] +2ﬁAr‘cTan[1+2X] +Log[1-x+x?] —Log[1+x+x2})
V3 V3
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Problem 25: Result is not expressed in closed-form.
1-x4
j; ax
1-x*+x8
Optimal (type 3, 355leaves, 19 steps):
Ar‘cTan[@z’ 2 2x ] Ar‘cTan[Ez* e— Ar‘cTan[@l’ — Ar‘cTan[ﬁiz* 3 +2x

- + +

Result (type 7, 57 leaves):

1 —Log[x -H1] + Log[x - #1] #1*
- = RootSum|1 - #1* + n1® &, gl ] gl }

4 -713 + 2117

8]

Problem 28: Result is not expressed in closed-form.
1-x4
J; dx
1-4x*+x8

Optimal (type 3, 165leaves, 7 steps):

ArcTan [ L] ArcTan [ ﬂ] ArcTanh [ 21/4 x } ArcTanh [ 21/4 ]
13 e Jans e

+ + +
2 QU4 3(-1+ﬁ) 2 QU4 3(1+\/?) 2 24 /3(-1+\/?) 2 QU4 3(1+ﬁ)

Result (type 7, 55leaves):

1 —Log[x -1f1] + Log[x - #1] #14
-~ RootSum|[1-4m1%+ 718 &, el ] el ]
8 -2113 + 7517

2,

Problem 29: Result is not expressed in closed-form.
J 1-x4
— dx
1-5x%+x8

Optimal (type 3, 169 leaves, 7 steps):
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ArcTan | ﬁzﬁ x| ArcTan| \/?zﬁ x| ArcTanh| ﬁzﬁ x| ArcTanh| ﬁzﬁ s

+ + +

\/14(\/?+\ﬁ) \/14(\/?+ﬁ) \/14(\E+\/7) \/14(\E+ﬁ)

Result (type 7, 57 leaves):
-Log[x-#1] + Log[x - 11] =14

1 4 8
- = RootSum|[1 - 5m1% + 118 &,
4 -5113+ 2517

8]

Problem 31: Result is not expressed in closed-form.

dx

J—1+\/?+2X4

1-x*+x8

Optimal (type 3, 135leaves, 9steps):

A 2+;3 -2x A 2+;3 +2 X
ArcT ArcT
reTan| NP~ ] reTan| e ) Log[1-4/2-+/3 x+x2] Log[l+/2-+3 x+x?]
- + - +
2 V2 242 242

Result (type 7, 71 leaves):

—Log[x-u1] ++/3 Log[x-#1] +2Log[x - n1] 114
-113 + 2117

1 4 8
= RootSum|1 - #1% + 1% &,
4

Problem 32: Result is not expressed in closed-form.

J\1+(1+\/?)X4d1

1-x*+x8

Optimal (type 3, 164 leaves, 9 steps):

1 \/2+\ﬁ Ar‘cTan 2+\/— 2+\ﬁ Ar‘cTan[m] -
2 V2-+3 V2-+3

1
—\ 2+ 3 Log 2-43 x+x*|+ 2++/3 Log 2-v3 x+x?
4

Result (type 7, 72leaves):

1 Log[x - #1] + Log[x - #1] #1* + v/3 Log[x - 1] #1*
= RootSum|[1 - #1%+ =18 &, gl ] gl ] V3 Log[ ]
N -113 + 2117

8]

Problem 33: Result is not expressed in closed-form.

J32ﬁ+(3+\/?) x4

dx
1-x*+x8
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Optimal (type 3, 180 leaves, 9 steps):

l 2 l 2 2
Ar‘cTan ’ \ﬁ Ar‘cTan ’ \E * X
\2-+/3 \V2-+/3
/|3 Log 2-4/3 x+x%| - |3 Log 2 - \/? X + x?

Result (type 7, 89 leaves):

1 4 8
= RootSum[1 - #1* + =18 &,
4

ﬁ(?’ Log[x -#1] -2/3 Log[x-#1] -3 Log[x - #1] #1* + /3 Log[x - #1] H14) &
-H1°+2#1

Problem 39: Result is not expressed in closed-form.

d+ £
X3
7bdlx
a b
C+X6+X3

Optimal (type 3, 716 leaves, 15steps):
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2 21/3¢1/3

1-

2 ‘b\/b24ac v
(bdce MJ Ar‘cTan[——]
d x N/ b*-4ac V3
hahi 4

c 21/3 /3 ¢4/3 (b—\/b274ac)2/3

2 21/3 134

1-

b+ b2-4ac |
[bd—ce+ bzdz"”c‘“’ceJ Ar‘cTan{J—} ]

V3

b*-4ac

21/3 /3 ¢4/3 (b+\/b2—4ac )2/3

b’d-2acd-bce
bd-ce-—=—=—""—
b?-4ac

Log[(b—\/b2—4ac )1/3+21/3 /3 x|

2/3
3 21/3 ¢4/3 (b—\/b2—4ac )

Log[(b+\/b2—4ac )1/3+21/3 c3 x]

[bd—ce+ b’d-2acd-bce
b*-4ac

b2d-2acd-bce
bd-ce-

3 21/3 43 (b+\/b2—4ac)2/3 Vb?-4ac

2/ 1/3
b - m) _p1/3 173 (b m) x + 22/3 23 x2]

2/3

/

Log|

b2d-2acd-bce

Vvb2-4ac

2/ 1/3
~/ b2 4ac) - 21/3 /3 (b+\/ 4ac) x +2%/3 c2/3 x?|
2/3
{6 21/3 ¢4/3 [b+m) )

Result (type 7, 88leaves):

[6 21/3c4/3[b— b? 4ac ([bd—ce+

/

Log|[ |b+

adLlog[x-#1]+bdLog[x-H1] #13-c e Log[x-H1] #13 &]

3 6
dx RootSum [a +b#l® + cnl® &, br12:2 c 11’

C 3cC

Problem 41: Result is not expressed in closed-form.

Optimal (type 3, 433 leaves, 9 steps):

| 11
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24 _ 1/4 -1/4
(bd_ce+bd2acdbce]Achan[ 2Y/% /% x 1/4]

d x Joraac (me]
c 5 l/4 (5/4 (—b—\/m)3/4

2 1/4 ~1/4
[bd—ce—bdzaCdbce]Ar‘cTan[ 2Y/% Yt x 1/4]
/

\b*-4ac [—b+xlb2—43c
3/4
2 21/4 5/4 (7b+\/m)

24 _ 1/4 1/4
[bdc:eerdz"”c‘“’ceJAr'cTanh[2 ]
-/

2 21/4 c5/4 (—b— m)3/4

2 1/4 (1/4
[bd—ce— b dzacdbce] Ar‘cTanh[ 2Y/% M x 1/’4}

\/b?-4ac [—b+«/b2—4ac )
R I T

Result (type 7, 88leaves):

Xx-H#1]+bd Log[x-H1] #1%-c e Log[x-H1] H1* &]

4 8 adlog]
d x RootSum[a+bH1 +cul® &, ba13+2 c 51’

C 4c

Problem 58: Unable to integrate problem.

1
dx
J(d+ex”) Va+cx2n

Optimal (type 6, 171 leaves, 6 steps):

X 1+ <55 AppellFi[ b, 1,1, L (24 2], o, e

a

1+n cx2" 1+n 1 1 1) o e’
ex 14+ <% AppellFi[in, 1 g, 2 (3+n), <, X

Result (type 8, 25leaves):

1
dx
Jkd+eﬂ)¢a+cﬁ”
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Problem 63: Unable to integrate problem.

(a+cx2m)P
Jidlx
d+ex"
Optimal (type 6, 167 leaves, 6 steps):
1 Jnip cx2n\P 1 1 1 cx2n  e2x?n 1
fx(a+cx ) 1+ AppellFl[f,—p, 1,7(2+7],— s -
d a 2n 2 n a d? d (1+n)
2n\ -p 1 1 1 2n 2y2n
ext™ (a+cx")P [1+ X ] AppellF1| +n, -p, 1, = [3+*), X s e x ]
a 2n 2 n a d?
Result (type 8, 23 leaves):
(a+cx2m)P
Jidlx
d+ex"
Problem 64: Unable to integrate problem.
(a+cx2m)P
Jid]x
(d+ex”)2
Optimal (type 6, 261 leaves, 8 steps):
1
d* (1+2n)
2n\ -p 1 1 1 1 2n 2y2n
éx““(a+cﬁ“f[1+cx J AmmlHl[—(2+—q,—p,2,—[4+—),—CX )e X ]+
a 2 n 2 n a d?
1 2n1p cx2n\P 1 1 1 cx®" e?x?n 1
—x (a+cx*")? {1+ AppellFl[—, -p, 2, 4'(2+ f], - B -
d? a 2n 2 n a d? d® (1+n)
2n\ -p 1 1 1 2n 2 y2n
2 e xin <a+cx2”)p [1+ J AppellFl[ +n’ -p, 2, — (3+7], X B ex ]
a 2n 2 n a d?

Result (type 8, 23 leaves):

2n\PpP
J(a+cx ) x

<d+ex”)2

Problem 65: Unable to integrate problem.

2n\P
j(a+cx ) ax

<d+ex”)3

Optimal (type 6, 357 leaves, 10 steps):
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1 CXZn -p
——————3e2x!2n (a+cx2”)p [1+
d® (1+2n) a
1 1 1 1 cx2nh  e2x2n 1
AppellF1[7(2+f],—p, 3,—(4+7],7 s |-
2 n 2 n a d? d® (1+3n)
cx2n\P 1 1 1 1 cx2n  e2x2n
e3X1*3”(a+cx2")p[1+ J AppellF1[7(3+*],—p, 3,*[5+*),— s ]+
a 2 n 2 n a d?
1 anip cx2n)P 1 1 1 cx2"  eZx2n 1
—x (a+cx®")P {1+ AppellFl[ —, -p, 3,—(2+—],— s ] -
d3 a 2n 2 n a d? d4(1+n)

x2n 1+n

2n

-p
3ext (a+cx?")P [1+ ] AppellF1|

a

Result (type 8, 23 leaves):

2n\P
J(a+cx ) x

<d+ex“)3

Problem 73: Result more than twice size of optimal antiderivative.

J ! dx
(d+ex”)2 (a+bx"+cx2")

Optimal (type 5, 368 leaves, 7 steps):

( c (2c2d2+b (b+«/b274ac

(c [2c2d2+b(b—«/b2—4ac e2—2ce(bd—xlb2—4ac d+ae
. 1 1 2cx"
Hypergeometr‘lCZFl{l, — 1+, ——] /
n n b+\/m
((b2—4ac+bm (cdz—bde+ae2)2
e? (2cd-be) xHypergeometric2Fi[1, %, 1+1% —ex"}

n’ d

bd++/b?’-4ac d+ae

e?2-2ce

1
) X Hypergeometric2F1 [1, -,
n

1 2cx"
1+— - ———— /{(b274acfbx/b274ac) (cdszde+ae2)2 J
n b-+/b%?-4ac

X

+

d(cdz—bde+ae2)2

e? x Hypergeometric2F1[2, *, 1+ %, - e;‘n ]
n n

d? (cd>-bde+ae?)

Result (type 5, 2302 leaves):
(ae?-cd’n+bden-ae?n)x

ad? (cdz—bde+ae2)n

+

(—ae2+cd2n—bden+ae2n)x e2 x

adz(cdz—bde+ae2)n +d(cdz—bde+ae2)n(d+ex")Jr
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-b-+/b*-4ac X"

2c

-1+n

|+

Vvb2-4ac

Xn

/

b+\/m ] /

_ 2_
ZC[ b+y/b*-4ac +XnJ

2c

-1/n
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n n

(-b—\/m)2

e oo || [olef)

)
n 9|zt {2274“ oy 2c
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o VBT dac ]/ b(-b+Vb?-4ac| (-b+yb2-4ac)’ /
+
2¢ _—b+3{b2—4ac X"

2c¢C 2c¢C
2c

-1/n

2 2)2 : 1 l
(cd*-bde+ae?)®+|2bcdex ||1- Hypergeometric2F1[- =, - =,

“1+4n b-/b? - dac ]/ b(-b-vb>-4ac| (-b-+b2-4ac)’

y - + +
n 2c - == l2)2743c-‘4rx“ 2¢ 2¢
C
-1/n
X" _ 1 1 -1+n
1- Hypergeometric2F1[- =, - =, s
B -b+\/b2-4ac X" n n n

2c

beBTdac ]/ b(-b+vb?-2ac) (-b:iyb?-dac)’ /

2 ¢ 7—b+3{12)2—4ac +xn 2c 2c
C
-1/n
x" 1 1
(cdz—bde+ae2)27 b2e?x ||1- Hypergeometric2F1[- =, - =,
_-b/b’dac . n nn
2c

C1+n bbb aac / b(-b-b2-4ac| [-b-vb?-4ac)’

, — + +
n o[ {2274“ . 2¢ 2¢
C
-1/n
x" . 1 1 -1+n
1- Hypergeometric2F1[- =, - =, s
b+ b2-4ac XN n n n

2c

b+Vb2_4dac ] / b(—b+\/b2—4ac) (—b+\/b2—4ac)2 /
- +
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-1/n
n
(cdz—bde+ae2)2+ ace?x ||1- X Hypergeometric2Fi |
_—b—3{b2—4ac XN
2c
1 1 -1+n -b-+/b?-4ac ] /
T T T T y -
n n n 5 ¢ (bw/bzélac X"
2c
-1/n

b(-b-vb>-4ac| (-b-+b2-4ac)’ "

+ + 11—

2c 2c _befbraac
2c
. 1 1 -1+n -b++vb%-4ac
Hypergeometric2F1[- =, - =, , - ] /
n n n 2 ¢ [_ —b+3(|§2—4ac o xn
C
b(-b+vb?-4ac| (-biyb?-dac)’
+ /(cdz—bde+ae2)2
2c 2c

Problem 74: Result more than twice size of optimal antiderivative.

J = dx
(d+ex”)3 (a+bx"+cx2n)

Optimal (type 5, 552 leaves, 8 steps):

| 17
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e3-3c%de +

—([c(2c3d3—b2[b+x/b2—4ac bd++/b’-4ac d+2ae
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/
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+
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d? (cdz—bde+ae2)2
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Result (type 5, 4111 leaves):
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s 1+ —, -

1 1 e x"
n n d

]




Mathematica 11.3 Integration Test Results for 1.2.3.3 (d+e x~n)~q (a+b x~n+c x~(2 n))~p.nb | 19

-1/n
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b/ b*-4ac £ xn 2¢ (_ b+y/b*-4ac +Xn)
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Problem 75: Result more than twice size of optimal antiderivative.
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Problem 76: Result more than twice size of optimal antiderivative.

J (d+exn)? ix

(a+bx”+cx2”)2

Optimal (type 5, 543 leaves, 9steps):
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Problem 77: Result more than twice size of optimal antiderivative.
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Problem 78: Result more than twice size of optimal antiderivative.
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Optimal (type 5, 726 leaves, 10 steps):
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Problem 79: Result more than twice size of optimal antiderivative.

J = dx
(d+ex”)2 (a+bx"+cx2“>2

Optimal (type 5, 1129 leaves, 11 steps):
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b*cd (cd® (1-2n)+6ae’n)-ab*ce (3cd*-ae’* (1+2n)))x") +

e? bc(Zae(Z—Sn)+3x/b2—4ac d (1—n> —2ac(6cd(1—2n)+x/b2—4ac e(l—n)]—
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Problem 81: Result more than twice size of optimal antiderivative.

J( (d+exn)? N

a+bx"+cx2”)3

Optimal (type 5, 1191 leaves, 11 steps):
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Problem 82: Result more than twice size of optimal antiderivative.
d+ex"
J dx
(a+bx"+cx2")3

Optimal (type 5, 713 leaves, 5steps):
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R e
C
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2c 2c
2
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2c 2c
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_ -b+y/b*-4ac XN n n n 2 ¢ _ —b+y/b’-4ac X"
2c 2c
2
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+ + 8b2cdx
2 ¢ 2¢ a(—b2+4ac)2
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1- Hypergeometric2F1[- =, - =, ’ - ] /
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b(—b—vw—4ac) (—b—vw—4ac)2

+ +
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1- Hypergeometric2F1[- =, - =, s - ] /
2c 2c
2
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+ +
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2c
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+ +
2c - == 2274ac:+x” 2¢ 2c¢
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b(-b+vb?-4ac (—b+\/b2—4ac )2

+

2c¢C 2c¢C

Problem 83: Result more than twice size of optimal antiderivative.

J = dx
(d+ex”) (a+bx"+cx2")3

Optimal (type 5, 1708 leaves, 15steps):

x(bzcdfzac2d7b3e+3abce+c (bcdfb2e+2ace) x”)

N
2a (b274ac) (cdszde+ae2) n <a+bx”+cx2“)2

e?x (b?cd-2ac?d-b*e+3abce+c (bcd-b2e+2ace) x")

.
a(b?-4ac) (cd>-bde+ae?)’n (a+bx"+cx2")

(x (Zazbcze (4—11n) -3ab3ce (2—5n> -4a%c3d (1—4n) +
5ab?c?d (1—3n)—b4cd (1—2n) +b® (e72en> -c (abzce (5—14n) -
2abc?d (2—7n) —4a2c2e(1—3n) +b3cd (1—2n) —b4e(1—2n))x”))/

(Za2 (b2—4ac)2 (cd®>-bde+ae?)n? (a+bx”+cx2”)) -

cet 2cd7[b+x/b2—4ac
( b2—4ac—bx/b2—4ac] (cdz—bdeJrae2>3
(ce2 bc(Zae(Z—Sn)+x/b2—4acd(l—n)]—

e

. 1 1 2cx"
xHypergeometr‘lCZFl[l, - 1+, *—] /

n " b-+vb2-4ac

+

(1-n)]

. 1 1 2cx"
xHyper‘geometr‘chFl[l, — 1+, ——} /
n N b-+b2-4ac

(a (b*-4ac) [b2—4ac—bm) (cdz—bde+ae2)2nJ -

1
2 a2 (b2—4ac)2 (b274ac—b\/b2—4ac) (cd*>-bde+ae?)n?

C {abzc(x/b2—4ac e<5—14n)—6cd(1—3n)) (1-n)+bc
ae(7—18n)+w/b2—4ac d(1—2n)] (1—n) —b5e(1—3n+2n2)+b4 (cd—x/b2—4ac e
(1—3n+2n2) -43%c? [x/b2—4ac e (1—4n+3n2) -2cd (1—6n+8n2)) -

2abc? |y/b*-4ac d(2-9n+7n%) +2ae (3—13n+13n2)])
X 1 1 2cx"
x Hypergeometric2F1[1, =, 1+ ~, - ————————| -

n N b-+vb®-4ac
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1
ae(7-18n) -+/b*-4ac d (1—2n)] (1-n)+b%e (1-3n+2n%) -b* (cd+x/b2—4ac e

(b2—4ac+bx/b2—4ac] (cdz—bde+ae2)3
1 2cx" }/
n " b++vb2-4ac
2a (b2-4ac)® [b?-4ac+bVb?-4ac| (cd’-bde+ae?)n?
(1-3n+2n%) -4a%c? [x/b2—4ac e(1—4n+3n2)+2cd(1—6n+8n2))—

e )

n " b+Vb®-4ac

. 1 1 2cx"
x Hypergeometric2F1[1, =, 1+ —, -——————] /

+

(1-n)]

ce? bc(Zae(Z—Bn)—x/b2—4ac d(l—n))—
1
x Hypergeometric2F1[1, =, 1+ —, -
(a (b*-4ac) [b2—4ac+bxlb274ac) (cdz—bde+ae2)2n]+
c[abzc(x/b2—4ac e(5—14n)+6cd(1—3n)) (1-n)-b%c

2abc? [y/b*-4ac d(2-9n+7n%*) -2ae (3—13n+13n2)])
. 1 1 2cx"
X Hypergeometric2F1[1, =, 1+ —, - —————————| +
n N b+vVb2-4ac
e® x Hypergeometric2F1|[1, %, 1+ %, —edin]

d (cdszdeJrae2>3
Result (type 5, 43535 leaves) : Display of huge result suppressed!
Problem 84: Result more than twice size of optimal antiderivative.

1
J(d+ex”)2 (a+bx"+cx2“)3

dx

Optimal (type 5, 2446 leaves, 16 steps):
—((x (2b°cde-6abc*de-b*e’-b*c (cd®-4ae?) +
2ac’ (cd*-ae?)+c(2b’cde-4ac’de-b*e*-bc (cd2—3ae2))x"))/
(Za (b*-4ac) (cdz—bde+ae2)2n (a+bx”+cx2”)2>) -
(e?x (5b’cde-14abc*de-2b*e*-b’c (3cd*-7ae’) +2ac® (3cd*-ae’) +
c(5b*cde-8ac’de-2b’e’-bc (3cd2—5ae2))x”))/
(a (b*-4ac) (cdszde+ae2)3n (a+bx”+cx2”)) -
1

2 a2 (b2—4ac)2 (cdz—bde+ae2)2n2 (a+bx”+cx2”)




Mathematica 11.3 Integration Test Results for 1.2.3.3 (d+e x~n)"~g (a+b x~n+c x~(2 n))p.nb | 115

x (ab®c? (ae® (13-37n) -5cd® (1-3n)) -
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X
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1
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+
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1

2a2 (b2—4ac)2 (b—\/b2—4ac) (cdz—bde+ae2)2n2

c|(2abc®(ae*(4-13n) -cd® (2-7n)) -b’>c (2ae* (3-8n) -cd* (1-2n)) +

2ab2c2de(5714n)78a2c3de(173n)72b4cde(172n)+b5e2 (172n)) (17n)7
1
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b e? (1—3n+2n2)—8a2c3 (cdz—ae2> (1—6n+8n2>+8a2bc3de(3—13n+13n2)—

(b*c (4ae® (2-5n) -cd® (1-2n)) (1-n) +2b°cde (1-3n+2n%) -
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1

a(b?-4ac) (b274ac+b\/b274ac) (cdszde+ae2)3n

ce*
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2l4ac?|e

(1-2n) -2+/b*-4ac d | ]-3cd2(1-2n)]—
9 13n -54/b 4acd ]—3cd2< n))+
bc(cd(4ae 5 8n -34/b acd ai/b?-4ac ez(l—n)]+2b4e2(1—n)—

b%c |e

3 5 . 1 1 2cx"
b’e [5cd+2+/b>-4ac e| (1-n)|xHypergeometric2F1[1, =, 1+ —, - ——————| +
n n b+vb?-4ac

1

2 a2 (bz—llac:)2 (b+\/b274ac) (cdz—bde+ae2)2n2

(2abc® (ae* (4-13n) -cd® (2-7n)) -b’c (2ae* (3-8n) -cd® (1-2n)) +

2ab2c2de(5—14n)—8a2c3de(1—3n)—2b4cde(1—2n)+b5e2 (1—2n)) (1—n)+
1

Vb2-4ac

b e? (173n+2n2)78a2c3 (cdzfaez) (176n+8n2)+8a2bc3de(3713n+13n2)7

(b*c (4ae® (2-5n) -cd® (1-2n)) (1-n) +2b°cde (1-3n+2n%) -

2ab3'c2de(7—25n+18n2)+2ab2c2 (3cd? (1—4n+3n2)—ae2 (9—38n+35n2)))

; 1 1 2cx"
x Hypergeometric2F1[1, =, 1+ =, - ——————] +

n " b+Vb2-4ac

3e® (2cd-be) xHypergeometric2F1|1, i, 1+2%, 4]

d(cdz—bde+ae2)4

ex

e® x Hypergeometric2F1[2, , 1+ %, - dn]
n n

d? (cdz—bde+ae2)3

Result (type 5, 56 566 leaves): Display of huge result suppressed!

Problem 85: Result more than twice size of optimal antiderivative.

J(d+ex“) AJa+bx"+cx®" dx

Optimal (type 6, 292 leaves, 6 steps):
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1 1 1 1 2cx" 2cx"
extn[asbxts ot appellrifis Y, o5, Y oLt - })/
2 2
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Result (type 6, 3778 leaves):
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1 1
AppellF1[1+ =, =,
n 2
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n 2 2 n +Vb2-4ac -b+Vb2-4ac

1 3 1 1 2cx" 2cx"

[b—x/b2—4ac)AppellFl[ZJr—, 5,345, - ]]])+
n 2 2 n b+\/b2—4ac -b++vb2-4ac

(Zazbzenxl*n (b—x/b2—4ac +2cx"| |b++/b*-4ac +2cx"
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[(b c]( 4ac)(1+2n) (1+3n) (1+4n) <a+x”(b+cx”))3/2
11 3 1 2¢x 2cx
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4a (1+n)AppellFl[ =, =, —, 1+, - s +
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1 1 3 1 2cx" 2cx"
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AppellFl[

J\H

1 1 2cx" 2cx"
) s, 1+ —, - }/
2 2 n b+\/m -b+ -4ac
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Problem 87: Result more than twice size of optimal antiderivative.

d+exn
J dx
Va+bx"+cx2n

Optimal (type 6, 292 leaves, 6 steps):

| 127
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Result (type 6, 688 leaves):
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1 5 1 2cx" 2cx" ]/
y T o + T, - k)
2 N b+vb2-4ac -b+yVb2-4ac
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n
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n 2 2 N b+vb2-4ac -b++yb2-4ac

Problem 88: Result more than twice size of optimal antiderivative.
d+ex"
dx
j(a+bx"+cx2”)3/2

Optimal (type 6, 298 leaves, 6 steps):
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Problem 89: Result more than twice size of optimal antiderivative.
d+ex"
J dx
(a+bx”+cx2”)5/2

Optimal (type 6, 298 leaves, 6 steps):
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{212" [b+«/b2—4ac ) d? <1+n) X

-p
b-vVb2-4ac +2cx"
(—b+xlb2—4ac -2cx" *

|+

npx"

+

n

X

e? <1+ 3n) xt+2n [

2

n (a+xn (b+cx”))71+p

X

+

npx"

-P

b-+vb%-4ac
- +

2cC

b+vb2-4ac
- +

2c¢C

x" x"

p

c
-1+p
b+vb2-4ac +2cx" 2
: : (—2a+{—b+xlb2—4ac x" (a+x“<b+cx”)>’1+p
c
1 1 2cx" 2cx"
AppEJ—lFl[*J -p, -p, 1+ —, - s ] /
n N b++vb2-4ac -b++b’>-4ac

(oo oraac | [[-5+ o aac | npx



142 | Mathematica 11.3 Integration Test Results for 1.2.3.3 (d+e x~n)"~g (a+b x~n+c x~(2 n))p.nb

1 1 2cx" 2cx"
AppellFL[1+ =, 1-p, -p, 2+ —, - ]7(b+x/b2—4ac]
n n

3
b+vVb2-4ac -b+vb2-4ac

1 1 2cx" 2cx"
npx”Appe11F1[1+f, -p,1-p,2+—, - ,
n n b+vVb2-4ac -b++/b%-4ac
1 1 2cx" 2cx"
2a (1+n) AppellFl[ =, -p, -p, 1+, - s
n n b+Vb%2-4ac -b+b%*-4ac

Problem 93: Result more than twice size of optimal antiderivative.

J(d+ex”) (a+bx"+cx*")Pdx

Optimal (type 6, 288 leaves, 6 steps):

n -p n -p
1 eX1+n 1+ZCXJ 1+ZCXJ (a+bx”+cx2”)p
l+n b-+vb2-4ac b+vVb2-4ac

1 1 2cx" 2cx"
AppellFl[1+ =, -p, -p, 2+ —, - , ]+

n n b-+/b?-4ac b+Vb?-4ac

n -p n -p
d x 1+2C—XJ 1+2C—X (a+bx”+cx2“)p

b-+vb2-4ac b+vb2-4ac
1 1 2cx" 2cx"

AppellFl[;, -p, -p, 1+ —, - - ]

n b—\/b2—4acJ b+vb2-4ac
Result (type 6, 902 leaves):
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1

(—b+\/b2—4ac) (1+n) (b+\/b2—4ac +2cx”)

b-+vVb2-4ac Plb-vb2-4ac +2cx")’
2’1’2"(b+w/b2—4ac X|————+X *
2¢ C

2
(—2a+(—b+m X" (a+x”(b+cx“))1*p(Zpe(1+2n>x” b-+/b>-4ac +2cx"
1 1 2cx" 2cx"
AppellF1[1+ =, -p, -p, 2+ —, - , ]/
n n b+vb2-4ac -b++b%2-4ac
1 1 2cx" 2cx"
-2 (a+2an) AppellF1[1+ —, -p, -p, 2+ —, - s |+
n n b+vb2-4ac -b+Vb%-4ac
1 1
npx" 7b+«/b274ac)Appe11F1[2+—,17p,7p,3+—,
n n

2ex N

b+vb2-4ac -b++vb2-4ac

1 1
AppellF1[2+ =, -p, 1-p, 3+ —, -
n

B
n b+vb2-4ac -b++b%2-4ac

2cx" 2cx"

]

] ]

b+vVb2-4ac ® b+vVb2-4ac +2cx")’
d(1+n)2 +—+Xn (—b+\/b2—4ac —2CXn) * i
2¢ C

1 1 2cx" 2cx"
AppellFl{*, -p, -p, 1+ —, - s } /
n

N b++vb?>-4ac -b+b?2-4ac
1 1 2cx"
((—b+wb2—4ac ) npx"AppellF1[1+—, 1-p, -p, 2+ —, ——X,
n

n b+vb2-4ac
2cx"
| - [b+xlb2—4ac ) npx"
-b++vVb%-4ac
2cx" 2cx"

1 1
Appe11F1[1+—, -p,1-p,2+—, - ) }’
n n b++vb’>-4ac -b++/b?2-4ac

1 1 2cx" 2cx"
2a(1+n) AppellFl[—,—p,—p,lJr—,f > ]
n

n b+vVb?2-4ac -b+vb%2-4ac
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Summary of Integration Test Results

96 integration problems

A - 51 optimal antiderivatives

B - 20 more than twice size of optimal antiderivatives
C - 2unnecessarily complex antiderivatives

D - 23 unable tointegrate problems

E - Ointegration timeouts



